Abstract. We study Riemannian or pseudo-Riemannian manifolds which admit a closed conformal vector field. Subject to the condition that at each point p ∈ M n the set of conformal gradient vector fields spans a non-degenerate subspace of T p M , using a warped product structure theorem we give a complete description of the space of conformal vector fields on arbitrary non-Ricci flat Einstein spaces.
Introduction
In 1925, Brinkmann studied conformal mappings between Riemannian or pseudo-Riemannian Einstein spaces ( [1] ). Later conformal vector fields, or infinitesimal conformal mappings on Einstein spaces were reduced to the case of gradient vector fields, leading to a very fruitful theory of conformal gradient vector fields in general. Brinkmann's work has attracted renewed interest, especially in the context of general relativity ( [2, 3, 4, 5, 9, 14, 17] ), and the following local structure theorem has been shown: 
For the definitions of
This shows that not all closed conformal vector fields on the warped product need to be lifted from the base.
On the other hand, the first two authors prove as follows that the necessary condition on the fibre F in (2) of Proposition 1.2 is sufficient for any closed conformal vector fields on the warped product M 
In particular, each subspace ∆(p) is nondegenerate and of dimension m.
In this paper, we study Riemannian or pseudo-Riemannian manifolds which admit a closed conformal vector field. Subject to the condition that at each point p ∈ M n the set of conformal gradient vector fields spans a non-degenerate subspace of T p M , using Proposition 1.2 and Proposition 1.3 we give a complete description of the space of conformal vector fields on arbitrary non-Ricci flat Einstein spaces (Theorem 3.3).
Closed conformal vector fields
We consider an n-dimensional connected pseudo-Riemannian manifold (M 
We denote by CC(M n , g) the vector space of closed conformal vector fields. First of all, we state some useful lemmas for later use. (
Proof. See Proposition 2.3 in [16] and Proposition 4 in [7] .
), which are given by 
For the space of conformal vector fields of pseudo-Riemannian space forms, the authors et al. gave a complete description in [12] . Now we introduce a function space A k (M n , g)(k = 0) and a symmetric bilinear form Φ k on the space as follows:
For the non-flat space form B
This implies that the symmetric bilinear form Φ k is just the usual scalar product on the ambient pseudo-Euclidean space.
Recall that L V g denotes the Lie derivative of g with respect to V.
where H denotes the mean curvature vector field of M n inM .
In [12] , the authors et al. prove a converse of Lemma 2.3 for hypersurfaces of a pseudo-Riemannian space form.
For a point p ∈ M n , let ∆(p) denote the span of the set of closed conformal vector fields at p, that is,
.1) and Lemma 2.2 imply that there exits a constant
so that we have (2.10)
) and ∆(p) may be identified with ( Suppose that the fibre F in Proposition 3.1 satisfies T, T = 0. Then F carries no nontrivial homothetic gradient vector fields. For any conformal vector field V on F with L V g F = 2f g F , (3.1) shows that ∇f is isometric, hence it is a homothetic gradient vector field. Thus ∇f vanishes identically, that is, V is a homothetic vector field. Therefore the fiber space F carries no nonhomothetic conformal vector fields.
The following lemma is useful for the proof of our theorem. 
(2) otherwise, we have
where for each i = 1, 2,w i denotes the lifting of w i .
Proof. First, note that the condition (ii) on F implies that F admits no nonhomothetic conformal vector fields. Furthermore, it follows from Proposition 1.3 that (M n , g) satisfies the following: 
where g p denotes the restriction of g to the fibre {p}×F. Because {p}×F is homothetic to F and F admits no nonhomothetic conformal vector fields, (3.3) shows that w, ∇σ T = σ T h for some function h on B m (k). Hence in case (2), it follows again from (3.3) that h must be trivial. In case (1), using Lemma 3.2, we can prove that h is constant. In fact, since T, T = 0, we have w, ∇σ T = σT for a vectorT with T,T = 0. Let S be an arbitrary vector with S, T = 0. Then we also have w, ∇σ S = σS for a vectorS with S , T = 0. Because w is isometric and First of all, we show that the image of Ψ is contained in the subspace {σ S | S, T = 0}. It is easily seen that Ψ is well-defined by Lemma 3.2. Since w, ∇σ T belongs to A k (B m (k)), we see that w, ∇σ T = σ S for some S in the ambient pseudo-Euclidean space. Furthermore, we
Since w is isometric, taking the scalar products of the both sides of (3.5) with ∇σ T , we see that
This shows that the image of Ψ is contained in the m-dimensional subspace {σ S | S, T = 0}. Let w ∈ KerΨ, that is, w, ∇σ T = 0. For a fixed point p ∈ B m (k), (3.5) implies that
Conversely, if w satisfies (3.6), then (3. .7) shows that the function y(t) = h(γ(t)) satisfies the first order differential equation y (t)+2kf (t)y(t) = 0, where f (t) denotes σ S (γ(t)). Because of the initial condition y(0) = 0, the function y(t) vanishes identically. This completes the proof of (d).
Combining from (a) to (d), the proof of our theorem is completed.
